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SUPPLEMENTARY MATERIALS 

 

MODELING 

 

1. Bayesian hierarchical modeling 

1.1 Calculating estimates and uncertainties of Cenozoic atmospheric concentrations of CO2 

We re-interpolated data measuring the atmospheric concentration of CO2 (47, 99) using a 

Bayesian Hierarchical Model with Gaussian process priors generated using the equations given 

in Rasmussen and Williams (102). Modeling these data using Gaussian processes was conducted 

to determine the probability distribution of atmospheric CO2 concentrations through time. This 

approach is particularly informative for a dataset like the raw CO2 data compiled by (47) that 

contain measurements with varying magnitudes of measurement error. These data are 

measurements of CO2 concentrations that incorporate noise in both CO2 concentration, 𝑦", and 

age measurements, 𝑡" (Eq. 7, Eq. 8). The atmospheric concentration of CO2 through time, 𝑓(𝑡), 

is modelled as a Gaussian process (SM Eq. 1). Gaussian processes can be entirely captured by 

their covariance functions, 𝐾(. We utilize a composite covariance function (SM Eq. 2), that is 

comprised of five component covariance functions and an error term to model the relationship 

between atmospheric CO2 concentrations and time.  

𝑓(𝑡) ∼ 𝐺𝑃[0, 𝐾((𝑡, 𝑡/)]  [SM Eq. 1] 

𝐾((𝑡, 𝑡′) = 𝑘45(t, 𝑡′) +	𝑘49(𝑡, 𝑡′) + 𝑘:5(𝑡, 𝑡′) +	𝑘:9(𝑡, 𝑡′) +	𝑘:;(𝑡, 𝑡′) + 𝜎=9𝛿(𝑡 − 𝑡/)

 [SM Eq. 2] 

The component covariance functions that comprise 𝐾( each represent a uniquely 

structured Gaussian process. Four of the component covariance functions are Matern functions 

with a 3/2 smoothness parameter (𝑘45, 𝑘49, 𝑘:9, and 𝑘:;), whereas one is a Matérn function with 

a  5/2 smoothness parameter (𝑘:5). Each of these Matérn functions is defined by two free 

parameters, one scaling term, σ, and a characteristic length scale,	τ. As a result, there are 10 

parameters that control the 5 Matérn-structured composite covariance functions in (SM Eq. 2). 

In addition to the Matérn functions, there is an error term, σ=, that is a variance based estimate of 

error on the value of CO2 through time that combines with the error specified for each individual 

measurement by the originators (47, 99) to capture remnant error that was not assigned to the 



raw data. We add this as an 11th free parameter, σ=. This parameter is incorporated utilizing the 

Kroneker delta function δ(z), which takes a value of 1 if z = 0 and a value of 0 otherwise to 

specify the error is added at the location of the data points. These 11 free parameters are the 

“hyperparameters” that control the structure of the model. 

Generally, the model (SM Eq. 1) was then sampled using the data to estimate the 

posterior probability (SM Eq. 3) over a set of “hyperparameters”, or the free parameters, θ, that 

control the structure the component covariance functions and the amount of random noise.   

𝑃(𝜃|𝑦, 𝑋) ∝ 	𝑃(𝑦|𝑋, 𝜃)	𝑃(𝜃)  [SM Eq. 3] 

The posterior probability over the hyperparameters incorporates: 1) the likelihood (SM Eq. 4; n 

= number of data points), or the probability of the output data (CO2 concentration) given the 

input data (time) and the composite covariance structure that is defined by the hyperparameters; 

and 2) the “hyper-prior”, that represents the probability of the hyperparameter values used to 

generate the covariance matrix.  

𝑃(𝑦|𝑡, 𝜃) = 	∫𝑃(𝑦|𝑓, 𝑡, 𝜃)𝑃(𝑓|𝑡, 𝜃)𝑑𝑓 	= 	 𝑒(I
J
K=

L	MNOP
QJ=IJK RSTUNOUI

V
K RST 9W	) [SM Eq. 4] 

𝑃(𝜃) = 	∏ 𝑃(𝜃")" 	   [SM Eq. 5] 

SUPPLEMENTARY FIGURE CAPTIONS 

Fig. S1. Location map showing the modern, 20 Ma, and 40 Ma position of the sites used for the 

stable isotopic splice and New Jersey backstripped sea-level estimates created using OSDN 

http://www.odsn.de/odsn/services/paleomap/paleomap.html that uses maps from Hay, et al. 

(101). 

Fig. S2. Blow up of Fig. 1 Panel A, benthic foraminiferal d18O splice reported to Cibicidoides 

spp. values. Modern is the core top value for d18OCibicidoides; LGM is the last glacial maximum 

d18OCibicidoides value; the Icehouse line is placed at 1.8‰ in Cibicidoides, with values greater 

requiring major ice sheets (see text). Each site has a contrasting shade of blue, with the site 

number indicated on the left column in the corresponding color. 

Fig. S3. Blowup of Paleocene to Eocene sea-level estimates from d18O-Mg/Ca (blue) and mid-

Atlantic U.S. backstripping (red). MECO = Middle Eocene Climate Optimum; Oi1 = earliest 



Oligocene d18O zone. The d18O-Mg/Ca estimates older than 48 Ma are suspect and dashed.  The 

NJ estimates for the Early to Middle Eocene were shifted by -50 m. Sea levels higher than red 

vertical line indicates ice-free conditions; area to right of light blue Greenland-WAIS line 

indicates no GIS or WAIS, and areas to right of dark blue Laurentide line indicates no/minimal 

LIS. 

Fig. S4. Blowup of late Middle Eocene to Oligocene sea-level estimates from d18O-Mg/Ca (blue) 

and mid-Atlantic U.S. backstripping (red). MCO = Miocene Climate Optimum.  To right of red 

vertical line indicates ice-free conditions; to right of light blue Greenland-WAIS line indicates no 

GIS or WAIS, and to right of dark blue Laurentide line indicates no/minimal LIS. 

Fig. S5. Blowup of Miocene sea-level estimates from d18O-Mg/Ca (blue) and mid-Atlantic U.S. 

backstripping (red). To right of red vertical line indicates ice-free conditions; to right of light 

blue Greenland-WAIS line indicates no GIS or WAIS, and to right of dark blue Laurentide line 

indicates no/minimal LIS. Magenta bar is the range of sea-level change on the Marion Plateau, 

East Australian margin (17).  Center panel shown backstripped estimates from onshore NJ (4, 

22) in orange; right panel shows more complete (recording lowstands missing onshore) 

backstripped estimates from offshore NJ (23).  MCO – Miocene Climate Optimum.  

Fig. S6. Blowup of Late Neogene sea-level estimates from d18O-Mg/Ca (blue). To right of light 

blue Greenland-WAIS line indicates no GIS or WAIS, and to right of dark blue Laurentide line 

indicates no/minimal LIS. 

Fig. S7. Modeled estimates of sea level recorded by the δ18O-Mg/Ca proxy (panel S7a; 𝑔(𝑡, )) 

and by backstripping studies of the NJ margin (panel S7b; ℎ(𝑡)). Each modeled curve (𝑔(𝑡) and 

ℎ(𝑡)) represents a combination of component processes that were fit with Gaussian process 

priors. These constituent processes include: panel S7c) a shared non-linear term, 𝑚(t), captures 

a signal that is correlated at relatively short timescales and is presumably related to ice-volume 

sea-level change; panel S7d) a non-linear term that is exclusively associated with the NJ margin 

data, Δ(t), that captures a ±13.7 m (1σ) as show in the histogram (panel S7g) and the difference 

between the two curves (𝑔(𝑡) and ℎ(𝑡)) correlated at ~Myr timescales; and panel S7e) linear 



terms, 	𝑙(𝑡) and 𝑙^(t), that represent long-term linear trends of 1.0 m/Myr (± 0.5 m/Myr) and 0.5 

m/Myr (± 0.6 m/Myr) present within each SL record, respectively. panel S7f Shows the 

difference between h(t) and g(t), accounting for the correlated signals. The linear component 

within this offset increases from 3.1 m ± 4.8 m at 10 Ma to 18 m ± 20 m at 42 Ma. 

 

Supplementary Tables. Data files to be uploaded to NOAA/NGDC Paleoclimate database.   

 

Table S1. Site, Age (GTS2012), d18Obenthic values corrected to Cibicidoides, d18Oseawater using the 

2 Myr smoothed paleotemperatures (Cramer et al., 2011) their equation 7b), a δ18Obenthic -

temperature calibration of -0.25‰/°C appropriate for deep-sea temperatures (<13°C), and 

paleotemperature equation 2 to solve for δ18Oseawater.  Sea level relative to modern is computed 

using 0.13‰/10 m.  Also given are published backstripped sea level estimates of ref. 22 adjusted 

to GTS2012. 

 

Table S2. Hyperparameter distributions for the Bayesian hierarchical model of the δ18O-Mg/Ca 

and NJ backstripped sea-level records fit with Gaussian process priors. 

 

Par. 
σ_ 

(m) 

τ_ 

(Myr) 

σ` 

(m) 

τ` 

(Myr) 

𝜎a 

(m Myr-1) 

𝜎ab 

(m Myr-1) 

𝜎cd 

(m) 

𝜎cdb  

(m) 

𝜎ef 

(m) 

𝜎eb 

(m) 

Mode 16.1 0.90 11.9 1.72 1.61 0.341 16.0 5.1 9.25 0.27 

16th %ile 14.2 .74 9.2 1.08 0.45 0.12 7.2 0.8 8.81 0.05 

84th %ile 19.1 1.14 23.4 3.71 2.06 1.05 45.8 27.1 9.62 1.37 

 
Table S3 Range of the uniform distributions for the prior distributions of hyperparameters that 
define the structure of 𝐾(J and 𝐾(K.  
Par. σghJ τghJ σghK τghK σgiJ τgiJ σgiK τgiK σgij τgij 

Low 0 30 0 0.04 0 30 0 2 0 0 

High 1000 200 1000 0.0016 1000 200 1000 50 1000 4 

 

 

 

 



Table S4. Mean and variance for the prior distributions of hyperparameters that define the 
structure of K. 
Par. σghJ τghJ σghK τghK σgiJ τgiJ σgiK τgiK σgij τgij σ= 

Mode 26.93 0.0157 7.75 0.0019 686.3 67.33 187.6 7.56 110.0 0.482 41.64 

SD 4.793 0.0041 1.20 0.0003 292.3 47.44 47.03 4.08 22.15 0.217 3.467 

 

 

Table S5. Mean and variance for the posterior distributions of hyperparameters that define the 
structure of K. 
Par. σghJ τghJ σghK τghK σgiJ τgiJ σgiK τgiK σgij τgij σ= 

Mode 34.84 0.0047 9.005 0.0016 534.5 85.98 202.2 6.444 191.7 0.0777 2.190 

SD 4.809 0.0013 1.566 0.0004 258.7 39.26 33.92 2.707 12.34 0.0159 0.272 
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